This work focuses on the response to an external field of a Brownian particle submerged in an Ohmic quantum thermal bath. The field only affects the dynamics of the central particle without affecting the thermal reservoir. The thermodynamic function to be analyzed is the average work due only to the external force. Being energy a non-local function of the protocol, a standard variational principle is used to derive it. It was found that the energy reaches a minimum imposing a restriction on the optimal protocol. This is found by applying the variational principle to the non-local work functional. It is also a minimum and only depends of the friction coefficient of the surrounding fluid.
I. INTRODUCTION
There are not operators in quantum mechanics associated to thermodynamic process functions such as work and heat. Those cannot be described by Hermitian operators and also by equations involving the density operator like the Heisenberg equation of motion. They are not observable properties, hence, its measurement has to be linked through another quantity which in isolated systems is the difference of energy between the states involved.
The problem of a quantum particle that interacts with work sources and the extraction of the generated work was analyzed by Allahverdyan et al. in 2004 [1] . For them, the quantum system is coupled to an external field in a given time span and memory effects of the initial state induced by the interaction are included. The final state is not of the Gibbs type, a passive state, as in macroscopic systems. The maximum extraction of work, called by the authors "ergotropic" to replace the known free energy, is greater. The ergotropic work vanishes if the initial state is passive. It turn out to be equal to the upper bound of the thermodynamic work in case the particle is in a pure initial state, it is a two-level system or a harmonic oscillator.
The search for optimal protocols and the statistics of the distribution of work has been thoroughly addressed. Protocols have been designed for purely Hamiltonian and Schrödinger dynamics in harmonic potentials, as well as the work statistics [2] . For both dynamics, the proposed protocols are indistinguishable. A feature shared with the present work as it will be shown later. Since the measure destroys the coherence, some authors attack the problem of work measurement in different ways. Those where the measurement is carried out in a single moment before the coherence are destroyed [3] or at the beginning and at the end of the evolution [4] . There are also articles where the cost of information is included to obtain a thermodynamic consistency [5] and when the measurement is done at a time scale that is fast compared to the particle Hamiltonian variation [6] . Moreover, by executing two measurements of projective energy taking into account the return action in the dynamic [7] and performing weak measurements with the inclusion of initial correlations [8] have been also derived. The exploitation of a theoretical procedure used in quantum optics to model a maser, in which repeated interactions between the system and external "units" at a given moment provides a consistent thermodynamic framework, was analyzed by Strasberg et al. [9] . Recently, an extension of the Ref. [1] was developed to design optimal protocols by including classical and non-classical correlations and the feedback induced by the device itself, which also inter-acts with the thermal reservoir [10] [11] . Other authors have also determined specific protocols by assuming that initially there are no correlations between the bath [12] and the device [13] with the system. These are strong assumptions, since as it was proved in earlier works [14, 15] , there is an initial system-bath correlation which persists for a long time and presumably between the measurement device and the system, as well.
The approaches dealing with the measurement of work mentioned above, are not related to the issue to be discussed in this article, but is aimed to the value of the optimal work of the system as the response to a time dependent external field. Although, in the references already cited, the work involved in the interaction with a reservoir or external sources are carefully calculated, as well their statistics. This research is focused on the calculation of an external protocol which makes the work optimum and thermodynamic consistent with the fact that the energy should also be optimized. The protocols to be determined are those consistent with that of a moving harmonic potential. Although, others potentials would be considered as the one with a time dependent frequency. Nonetheless, these two kind of protocols were already determined in the Schrödinger dynamics of a thermalized system [2] by imposing in their calculations a dynamic condition based on the equations of motion.
Important achievements have been obtained in the field of quantum thermodynamics. Esposito et al. [16] worked out the basic definitions of quantum work, heat and fluctuation theorems in a general time dependent basis. For a time independent basis and according to the first law, the basic thermodynamic properties such as work and heat are simple equations relying on the knowledge of the reduced density matrix of the system. A previous work [17] provides such a density matrix, which in turn is the Wigner function associated to the particle, then is amenable to get quantitative data for those thermodynamic properties along the application of the external field. This is the main objective of this article. In particular, for an open quantum system and preserving thermodynamic consistency, how the external field has to be such that the work would be optimal.
One possible reason for the unavailability of quantitative data of thermodynamic properties that includes the initial entanglement for quantum systems is the absence of an expression for the reduced density matrix. Using the method described in [17] , it will be shown how the optimal work done by the field changes with system properties, such as the friction coefficient of the thermal bath.
The paper is structured as follow. The stochastic dynamics of the system is described in Section II through a compendium of the equations adapted to the problem at hand [17] . The thermodynamic analysis is done in Section III and general considerations in Section IV. Numerical results are compiled in Section V. It is divided in two subsections to cover the uantum and classical results. The paper concludes with a section of general remarks.
A couple of appendices are included to show the mathematical derivations related to the functional derivatives of the energy change and work, respectively.
II. QUANTUM BROWNIAN MOTION
The dynamics of the position q(t) of a particle of mass M in contact with a reservoir of quantum harmonic oscillators with friction coefficient γ at the temperature T , is controlled by the c-number Langevin equation (SCLE) [15] :q
where ω 0 M −1/2 is the frequency of the potential and λ(t) is an external controlled function whose value determines the equilibrium configuration of the system, i.e., a protocol controlling the position of the center of the external potential. The quantum noise ξ(t) is a zero-mean Gaussian function with a two-time correlation function [14] ξ
Here, is the Planck constant divided by 2π, β = (k B T ) −1 , k B is the Boltzmann constant and ν = 2 π( β) −1 is the Matsubara frequency . Unlike the classical Markovian Langevin equation, the noise has a colored spectrum and is correlated with the initial position q(0) because of the preparation procedure. The latter [15] is:
where ν n = nν and frequencies λ 1,2 = (γ ± (γ 2 − 4 ω 2 0 /M ) 1/2 )/2. The path integral approach of Grabert et al. [14] assumes that the time evolution of initial states is a functional of the general "preparation function" describing the deviation from a large class of initial states at at t = 0. The "propagating function" describing the time evolution of the state changes accordingly. Specifically, according to [14] , the system starts from an equilibrium Gaussian distribution.
By adapting the method of Ref. [9] to solve Eq. (1), the quasi-probability density p(q, t|q 0 ,t 0 ) to find the particle in the position q in t since initially at t = 0 was in q 0 is given by
where the quantum standard deviation σ Q (t) , defined in [17] , is a combination of integrals over the different noise correlation functions and the susceptibility χ q (t) and χ v (t) defined below. Moreover, ω 2 = γ 2 − 4ω 2 0 /M and,
with q 0 = q(0). Functions χ q (t) and χ v (t) are the susceptibilities defined as:
They are related to each other through [18] 
The Fokker-Planck equation associated to Eq. (4) is found through the same procedure of Ref. [17] . It is:
The quantum diffusion constant D Q (t, λ) depends on the protocol, compiles all the contributions from the quantum reservoir. The solution of Eq. (8a) can be determined by taking the Fourier transform over q, solving the resulting ODE by the method of the characteristics and inverting the transformed equation to get the quasi probability density. The result is the Eq. (4) but with a standard deviation σ(t) given by:
which after substituting D Q (t) by its definition, Eq. (8c), and taking the derivative on both sides gives σ(t) = σ Q (t) as it should be. The Wigner function W(p, q, t), where p is the momentum, is defined in terms of the density matrix ρ(q, q ′ , t) as [19] 
It has the property that
Therefore, the reduced Wigner function W(q, t) is just the diagonal elements of the density matrix which in turn is the quasi probability density p(q, t|q 0 ,t 0 ). According to Feynman [19] , the Wigner function W(p, q, t) is the quantum counterpart of the classical distribution. It is always positive for the harmonic oscillator. The reduced version W(q, t) satisfies the same Fokker-Planck equation as p(q, t) does. Averaging calculations for the harmonic oscillator with W(q, t) give the same results as those with the trace of the density operator [19] .
It can be easily seen by transforming the Wigner function's ODE in the corresponding one for the density operator ρ(q, t). This is achieved through the transformation rules [20] :
to show, after using the canonical commutation relations, that the ODE for the density operator has the same structure as the Fokker-Planck equation involving W(q, t). It means that starting the analysis of the problem either from the SCLE or the quantum master equation will provide identical results. From a phenomenological point of view, the dynamics of the interaction with the external field of the Brownian particle immersed in the thermal reservoir, can be considered as an open system composed of a particle of mass M , subjected to an off-centered external harmonic potential ω 2 0 (q − λ(t)) 2 /2M , which diffuses into a quantum fluid with a coefficient of friction γ and driven internally by a colored noisy force ξ(t)/M . Only the involved work is the quantity which will be properly calculated.
III. THERMODYNAMIC ANALYSIS
The Hamiltonian of the particle-bath system associated to the SCLE is [14] :
where
is the Hamiltonian of the Brownian particle whose timedependence comes from its functional dependence on the protocol λ(t) and I is the unit operator,
describes the bath Hamiltonian of N harmonic oscillators of mass m n vibrating with frequency ω n , and
is the interaction Hamiltonian which introduces the coupling constant c n . The second term ensures that the minimum of the Hamiltonian is the external harmonic potential [21] . The bilinear interaction leads to Ohmic dissipation [14, 21] . Notice that the bath and interaction Hamiltonians, H B and H I , are time independent because the driving protocol acts only on the particle position and does not affect them. It can be justified by considering the bath as a large system of quantum harmonic oscillators weakly interacting with the particle.
The primarily objective of this work is to determine the thermodynamic work as the response of the quantum system to the external field taking into consideration that Feynman's interfering alternatives are destroyed in the process.
The fundamental thermodynamic equations to be used are those of Esposito et al. [16] derived for a timeindependent basis. Their main equations for the energy change ∆E S , work W S and heat Q S in the time interval {0, t f } of the protocol application are according to the first law:
where ρ S (t) is the reduced density operator given by the trace of the total density operator over the bath coordinates, i.e., Tr B ρ(t) . As mentioned above, the diagonal elements of the density matrix associated to ρ S (t) are equal to the quasi-conditional probability density p(q, t|q 0 ,t 0 ) [19] . All quantities will be expressed by scaling energy, position and time by the parameters (ω 2 0 q 2 0 ), q 0 and √ M /ω 0 , respectively. They does not reduce the generality of the results. Therefore, using Eq. (4) it follows that,
The quantum effects are condensed in the standard deviation σ Q (t f ) [17] , which is independent of the protocol, and W S is explicitly independent of any quantum parameter. So, the heat term is a quantum dependent property.
Although ∆E S is a number, its value functionally depends on the protocol λ(t) and of the initial and final application times of it. At this point, it would be interesting to inquire about the characteristics of the external protocol that optimizes the energy change.
Since it is a functional of λ(t), then Eq. (19a) can be written as the variational integral
where the functional F E is
The requirement for ∆E S (t f ) to be optimal demands that its functional derivative with respect to λ(t) vanishes. It would seem that the appropriate variational principle that should be used to calculate the functional derivative is based on the Euler equation for local functionals [22] . That is to say, functional, whose variations are important only in the vicinity of the parameter, that is, in time. However, because F E (t, λ,λ) depends on the values of λ(x) in the space [0, t] through f (t, λ), the functional becomes non-local. In order to make a correct derivation, the standard method will be applied to obtain the required functional derivative [23] . It is fully developed in A.
According to Eq. (A9), the functional derivative is:
The condition for ∆E S to reach either a minimum or a maximum or a point of inflection value is when the term inside the brackets vanishes, i.e
Variationally speaking, this is a kind of a functional boundary condition on the optimal ∆E S given that the optimal λ(t) has to be known in the time interval {0, t f }.
The second derivative will tell which of these cases should be applied. Its variation is after some arrangement
from which
being always positive and ∆E S has a minimum for the given optimal λ(t). It should be noted that the Eq. (23) imposes a condition that the optimal protocol must meet. The optimal protocol also optimize the work done by the field given by Eq. (19b). It can be written as:
where the Lagrange multiplier η was included to ensure that the auxiliary condition given by Eq. (23) be fulfilled.
As it is shown in B, the condition for δW S (t) = 0 is equivalent to
This equation can be analytically solved by integral transform techniques. In particular, its Laplace's transform is,
Functions
and ϕ(t), respectively [24] . The last three are defined by Eqs. (A6a), (A6b) and (A6c), respectively. Finally, the inverse Laplace transform of Eq. (28) is simply,
which is a Fredholm integral equation of the second kind. Functions L 1 (t, η) and L 2 (t, x) are not displayed because they are very large complicated expressions that depend on the roots of polynomials in γ.
The solution of the integral equation is easily found if the kernel is formally factored as the product of a pair of functions of x and t, that is,
Placing Eq. (31) into Eq. (30) gives the solution of the integral equation [25] :
Multiplying both sides of Eq. (32) by M i (t) and integrating, the given result is
Equation (34) is a system of n simultaneous equations from which constants C i (η) can be consistently determined. Fortunately, this formal method can be applied for this problem. By inspecting the function L 2 (x, t), the index n depends of the chosen friction coefficient. In general, n is variable. For the set of γ analyzed in this work, the highest n is 11 for γ = 2.01.
The Lagrange multiplier is calculated by solving for η the auxiliary condition, Eq. (23), with the solution given by Eq. (32) . It depends on λ(t f ). When it is substituted in Eq. (30) evaluated at t = t f gives the value of λ(t f ). Substituting it back in the equation of η gives the desired value of the multiplier.
A delta function appears in the expression of λ(t) to give account of the sudden change of the dynamics at the beginning of the protocol.
In order to determine whether the optimization of the work refers to a maximum or a minimum, it is necessary to find the second variation of W S . It is obtained from Eq. (27) and given by
. From Eqs. (7) and (A6b) evaluated at x = t it is found thatχ v (0) = 1 and ϕ(0) = 1, respectively. Therefore, the optimal work reaches a minimum because δ 2 W S /δλ 2 (t) = 2.
It should be noted that λ(t) as well as W S depend solely on the classical friction coefficient of the thermal bath. It does not depend on any quantum parameter. The findings of Schmiedtl et al. [2] mentioned in the introduction, showed that the protocol is a function of the final application time of it and is the same whether the dynamics be quantum or classical. In this respect, their approach and this proposal predict a protocol independently of the system nature.
IV. GENERAL CONSIDERATIONS
The energy conservation law always retains its validity. As the authors of Ref. 8 pointed out, the preceding equations have been derived to be consistent with thermodynamics on a time-independent basis without associating heat and work with simple paths. In the latter case, it is necessary to establish a time base to define them correctly [16] .
The classical limit is obtained when → 0. The equations for ∆E S and W S remain the same except that σ Q (t f ) in Eq. (19a) has to be replaced by σ CL (t f ) [17] σ
where T ⋆ = k B T /(ω 2 0 q 2 0 ) is the reduced temperature. The probability density function reduces to [17] p CL (q, t|1,t 0 ) = 1
This is the correct classical limit since it comes from the quantum approach. The protocol λ(t) remains the same.
The conventional classical scenario lacks the equation for ∆E S derived in this work. It is the Sekimoto's scheme of stochastic energetics [26] . The energy is the sum of kinetic and potential energy and the heat term depends on the time derivative of the classical probability distribution which in turn has a time-dependent standard deviation. The resulting work expression is obtained from the first law and it depends on the protocol. Next, the work is optimized for λ(t) which for any reason assures that the change of energy has also been optimized because there is not any energetically constrain in the calculation. For instance, a minimal work can be associated to non internal energy stored when all the work is dissipated as heat. This is an undesired situation in terms of thermodynamic efficiency. The results only dealing with W S [27, 28] do not discriminate among these situations although they are consistent with the dynamical equations of motion. These dynamical protocols do not optimize the energy change. On the other hand, the protocols of this manuscript minimize the energy and the work done by the field, so the heat dissipation into the reservoir is also minimized.
One might be tempted to use Sekimoto's procedure to determine λ(t) and W S . The reason that unables to use this approach is that the quantum description prevents to analyze the problem this way because W S and Q S have their own expressions based on two different average operations involving the Hamiltonian of the central particle and the quasi probability distribution function, respectively.
A way to observe the quantum effects in the equation of W S could be through the inclusion of the field in the Hamiltonian of the bath. This requires that both, the reduced Wigner function and the general thermodynamic equations, have to be reformulated. Until now it is an open issue.
It is a fact that the thermodynamic work is a function of the potential. For initial states having non-Gaussian initial distributions, whose dynamics does not obey detailed balance and the relative probabilities of microstates are a priori unknown. Nonetheless, the results ought to become very different with an approaching to equilibrium due to the fluctuation dissipation theorem obeyed by the SCLE. Any further conclusion in terms of the findings of this research about the evolution of states other than equilibrium ones are excluded in the framework of the path integral approach used in this manuscript.
However, the thermodynamics of the quantum system out of equilibrium would be an interesting topic to be studied. The mathematical technique would require the reformulation of the integral functional approach, since path integrals would require an initial state that is not at equilibrium. It would be very useful in the methodology to be developed and in the analysis of the results, the previous works on the noise-induced relaxation of several quantum systems [29] and those with dissipation including metastable states [30, 31] and asymmetric external potentials [32, 33] .
For the protocols presented, the external potential keeps its parabolic shape up to the final application time of the former. There are minor changes at the beginning. This is a surprising outcome after the extended manipulation of the equations. The chosen path to determine the protocol, that is, by preserving the thermodynamic consistency, is like that of a dynamics occurring at a extremely low rate, typical of a quasi-static process. In order to minimize the energy change, the work done by the field should be minimal too. This opens the possibility of exploring the technique called "Shortcuts to Adiabacity" [34] to make inferences about the quantum contributions to the thermodynamics of emblematic systems such as heat engines. Although it was already solved for a classical brownian particle in a time dependent harmonic potential [35] , those results would be used as a standard for comparisons with the quantum case.
V. RESULTS
The first subsection covers the outcomes of the optimal protocol and the minimum work done by the field for a set of fiction coefficient values. The second one deals with the values of some thermodynamic properties in the continuum limit.
A. Quantum
The chosen set of γ values is arbitrary and span figures above and below of γ = 2 because ω = γ 2 − 4 becomes imaginary. It will allow to visualize the behavior of the optimal protocols and minimum work under these circumstances. In all considered cases, the auxiliary condition is fulfilled for both the real and imaginary part. Since the protocol is applied by an external agent, it is physically reasonable to disregard the imaginary part of it and use its real part to determine the corresponding thermodynamic minimum work. Otherwise, W S is imaginary without any physical meaning.
One could argue that the imaginary part of the calculation could be discarded from the beginning. Doing so, the information of the system dynamics, channeled by the Laplace inverse transformation of the composite function of the susceptibilities, Eqs. (29a) and (29b), will be lost. Figure 1 shows the protocol up to t f = 6 for γ values of 1.0 (black), 2.0 (blue), 2.01 (red) and 3.0 (brown). An abrupt change in behavior is observed for γ = 1. Similarly, there is an interchange in the trend of the curves corresponding to γ = 2 and 2.01, where it would be expected that the one of 2.01 would be near the curve for γ = 3. The role of the final time of the protocol, t f = 4, and the auxiliary condition, Eq. (23), on the concavities and values of some curves presented in Fig. 1 , are shown in Fig. 2 . In particular, the final values of the protocol for γ of 2.01 (red) is positive while for γ = 3.0 (brown) has a higher magnitude. The purple curve corresponds to γ = 5.0. These features affect W S as it will be see next.
For the two sets of λ(t) shown above, the thermodynamic work is shown in Figs. 3 and 4 along with the application time of the protocols. The total work is the area under each curve. In all cases, it is done by the field in order that the energy change reaches a minimum. From the thermodynamic efficiency point of view, there is no way the particle can do some work except for γ = 5.0 at the end of the protocol where its contribution to the total work is negligible. These curves change dramatically if there is no restriction on the internal energy change, that is, when η = 0. The above curves in this new scenario are shown in Figs. 5 to 8.
The differences found in Fig. 1 are attenuated as shown in Fig. 5 . The protocols change of sign most of the time for t f = 4 as it is indicated in Fig. 6 . Their collective effect on the minimum work done by the field are displayed in Figs. 7 and 8 . The differences found in Fig. 3 for the curves corresponding to γ of 2.01 and 3 vanishes in Fig. 7 , they superimpose almost to each other. There is a remarkable change for the curves in Fig. 8 in comparison with Fig. 4 . Fig. 2 Mathematically, the equations for η = 0 are certainly true but without the consistency required by thermodynamics. Sudden changes in the curves may occur if the energy restriction equation is omitted. The first law prevails, but heat and work will be two quantities in which thermal efficiency is not included in their calculation. The η = 0 case sends a clear message that protocols must be derived taking into account the thermodynamics of the system, otherwise, it is very likely that they generate counterintuitive results which may be out of bounds.
In the four set of protocols, the work is always done by the field. There is no a simple and sound physical explanation for these non-linear behaviors, except that they come from considering the thermal bath as a quantum entity inter- acting with the Brownian particle. It is a consequence of the initial premises that make up the quantuml description.
A pertinent conclusion that can be drawn from the previously obtained behaviors is a consequence of the quantum approach with the energetic restriction embedded. Conventional classical analysis [28, 36] on its own would not generate them since, the optimal protocols are calculated with a formalism base on the system's dynamics equation of motion.
Finally, the main reason that hold up these results is that the Hamiltonians of the thermal reservoir and of interaction are independents of time. It could be justified considering the bath as a large system of quantum harmonic oscillators with a spectral density proportional to the frequency, that is, and Ohmic quantum bath. It was chosen so due to the simplicity of the dynamic equations and because the coupling constant, which defines the interaction of the Brownian particle with the degrees of freedom of the thermal bath, is small since it is proportional to the inverse of the volume of the reservoir [37] . The friction coefficient is a measure, in the continuos limit, of the system-bath coupling.
It should be emphasized that only inferences have been made about the origin of the quantum W S and none about the value of its experimental measurement.
B. Classical limit
In this section, the continuos limit of some thermodynamic quantities with the protocols determined in this investigation, will be calculated. For instance, the minimum energy change ∆E cl S can be calculated from Eq. (19a) if the quantum standard deviation σ Q (t) is substituted by its classical counterpart given by Eq. (37) . Similarly, W cl S is determined from Eq. (19b) and Q cl S from the first law. The mean change of the total entropy is calculated from the classical conditional probability, Eq. (38). It is given by [36] :
The results are shown in Table I for T ⋆ = 5 considering the auxiliary condition on the internal energy change while in Table II is for η = 0. It can be observed in Table I that the main contribution to the minimum energy change comes from the heat absorption. Its contribution grows as T ⋆ grows as well.
Considering all values of γ, the significant total entropy change for the less dissipative fluid, γ = 1, is resulting from the fact that the ratio of the heat absorption to the work done by the field is higher compared to that obtained from the others γ. Since the contribution to the total entropy change due to the hydrodynamic dissipation is important at high γ, the heat absorption reaches a maximum at γ = 1; (t f = 6) because the dissipation is the lowest one. The case γ = 5; (t f = 4) is the only study case in which the work done by the field overcomes the changes of energy, so the system releases a very small amount of heat to the reservoir. The ∆S cl tot gives a measure of the dissipated energy in the entire system from both, heat interchanged and hydrodynamic diffusion of the particle.
Some interesting results emerge in the calculations considering η = 0. The results are shown in Table II where the figures for γ > 2 and t f = 6 are almost similar with those of Table I . This is an indication that the thermodynamics of the two scenarios are insensitive to the auxiliary condition. In fact, the protocols for these values of γ (black and red curves) shown in Figs. 1 and 5 are quasi similar in the two cases considered. It is hard to visualize them due to the scale. Perhaps, the frequency ω = γ 2 − 4 is the responsible for this result since for γ < 2 is a complex number. Since only the real part of the protocols is taking into account, the results remain almost unaltered for γ > 2 regardless if the auxiliary condition is considered. Slight differences are observed for γ < 2. The trend observed in Table I for ∆E cl S is strongly modified for γ = 2 in the unconstrained thermodynamic scenario. Since there is not a thermodynamic restriction on the changes in internal energy at this particular γ, there is no way to discriminate the increase in internal energy in terms of work and heat absorption. The system is not thermodynamically efficient and its effect is seen at this particular value of the friction coefficient. The final time of the protocol modifies the figures of the thermodynamic properties as it is seen for t f = 4. A possible cause could be that the effect of the correlations on the dynamics of the central particle at such short times become important. From the last two subsections, it is demonstrated that no useful work can be done by the particle, independently if a thermodynamic constraint is imposed on the calculation. Although specifically designed protocols can induce the particle to do some useful work, they are not efficient from the thermodynamic point of view.
VI. FINAL REMARKS
A set of tools have been designed to derive the quantum thermodynamic work of a particle submerged in a quantum thermal fluid interacting with an off-center harmonic field, without inferring on the heat absorption from the reservoir and the experimental measurement of it. In this work, it was assumed that the external force acts only on the particle. From a time-independent quantum perspective and for time-dependent particle Hamiltonian, work and heat are calculated separately in terms of the Hamiltonian and density matrix rates, respectively. The same rule prevails in the quantum scenario because the density matrix is replaced by the reduced Wigner function.
The optimal protocol was consistently derived in several steps. Firstly, a variational principle is applied to the internal energy change, which reaches a minimum and also imposes a restriction about the value of the protocol at the end time of its application. Quantum effects are absent since the quantum standard deviation that appears in the energy equation is independent of the protocol. Next, the variational method is applied to the work equation with the energetic restriction included through a Lagrange multiplier and, the protocol is obtained from its first functional derivative. The optimal work is a minimum and calculated with the optimal protocol. They together are unique functions of the external potential and the susceptibilities of the system.
In classical thermodynamics, heat and work are independent quantities. They are defined separately and linked together by the first law. Although Sekimoto's stochastic energetics approach to determine the work appeals to the first law and explicitly includes the contribution from the heat bath, it cannot be contrasted with that of Esposito and Mukamel. The reason is simple: the latter authors work out the W S expression due only to the external field without making any inference on the heat Q S .
The heat term will largely depend on the theory, either be classical or quantum. The classical Langevin equation is based on position fluctuations assuming a coarsegrained phenomenological noise whose statistical properties are well defined. In contrast, quantum dynamics has the desired unpredictability built into the core of the theory itself. The comprehensive path integral approach [14] allows to derive an exact c-number stochastic differential equation in the whole phase space [15] or its reduced version [17] . The quantum approach predicts the Langevin equation but with significant differences. Namely, the requirement of a quantum entanglement between the noise and the particle initial position and a random noise function with colored spectrum even though the friction coefficient of the bath is time independent as in the classic description. Wigner's function incorporates these facts through its standard deviation and therefore, the heat equation will be very different in the two prescriptions.
Finally, it would be interesting to calculate the optimal work by including the field contribution on the reservoir Hamiltonian. The information obtained could serve as a basis for the design of quantum experimental measurement protocols. It would also serve as a test of the quantum description to reproduce the classical equations when → 0.
This research is the first application of the method developed in [9] to find the reduced Wigner function of a particle immersed in an Ohmic quantum thermal reservoir.
Substituting Eqs. (A5) and (A7) in Eq. (A4) finally gives
where ∆ f (λ) = λ(t f ) − f (t f , λ) . The associated functional derivative is
which is the Eq. (22) .
